The stability of the quiescent ground state of an incompressible viscous uid sheet bounded by two parallel planes, with an electrical conductivity varying across the sheet, and driven by an external electric eld tangential to the boundaries is considered. It is demonstrated that irrespective of the conductivity pro le, as magnetic and kinetic Reynolds numbers (based on the Alfv en velocity) are raised from small values, two-dimensional perturbations become unstable rst. 47.65.+a, 95.30.Qd Typeset using REVT E X 1
One of the basic con gurations in magnetohydrodynamics (MHD) is the pinch, namely, an electrically conducting uid con ned by the action of an electric current passing through it, such that pressure gradients are balanced by the Lorentz force.
In the geometry of a plane sheet, the pinch with the uid at rest is stable if the electrical conductivity is in nite, but may be destabilized by resistivity 1] .
In this Brief Communication we demonstrate that for increasing Reynolds numbers the quiescent ground state of a voltage-driven resistive plane sheet pinch becomes rst unstable to two-dimensional perturbations. This is a generalization of Squire's theorem in hydrodynamics 2, 3] . For the special case of a spatially uniform resistivity and no dc magnetic eld in the sheetwise or \toroidal" direction (the direction of the driving electric eld) a proof was given in Dahlburg and Karpen 4] .
If the resistivity is spatially uniform, the equilibrium current is also uniform and the equilibrium magnetic eld must be a linear function of the cross-sheet coordinate (by equilibrium we mean a stationary state with the uid at rest). To admit cross-sheet pro les of the equilibrium magnetic eld deviating from the linear one, one has to allow for variation of the electrical conductivity across the sheet. This is important, since, as found recently 5], in a voltage-driven incompressible sheet pinch with spatially and temporally uniform kinematic viscosity and magnetic di usivity and with impenetrable stress-free boundaries, the quiescent ground state with uniform current density and a linear pro le of the magnetic eld across the sheet remains stable, no matter how strong the driving electric eld. This agrees with the observation made in studies of quasiequilibria, that is of states with a nonuniform current density in a uid with uniform resistivity (these states thus decay resistively), that seemingly in ection points in the magnetic eld (or current) pro le are necessary for instabilities to appear 6].
We use the nonrelativistic, incompressible MHD equations, 
where v is the uid velocity, B the magnetic induction, J the electric current density (= r B= 0 , 0 denoting the magnetic permeability in a vacuum), the mass density, p the mechanical pressure, the kinematic viscosity, and the magnetic di usivity ( 0 ) ?1 is the electrical conductivity]. No externally applied force appears in Eq. (1). While and are assumed constant, is allowed to vary spatially: 
We use Cartesian coordinates x 1 , x 2 , x 3 and consider our magneto uid in the slab 0 < x 1 < 1. In the x 2 and x 3 directions periodic boundary conditions are applied. We assume that there is no mass ow and no magnetic ux through the boundary planes, i.e., v 1 = B 1 = 0 at x 1 = 0; 1:
To allow for nontrivial time-asymptotic states, the system is driven by an electric eld of strength E in the x 3 direction, which can be prescribed only on the boundary. Condition (10) implies that the tangential components of v B on the boundary planes vanish, so that according to Eq. 
We assume~ to depend only on the coordinate x 1 . Eq. 
where overbars denote spatial averages and I 0 (x 1 ) = 
So the quiescent ground state is exactly de ned. We use the decomposition We now Fourier expand in the x 2 and x 3 directions. Let v ik and b ik denote the Fourier coe cients of v i and b i for wavenumber k = (k 2 ; k 3 ). Linearizing about the static equilibrium, Eqs. (6) and (7) 
We can assume k 2 6 = 0 here, since modes with k 2 = 0 cannot grow and are bound to decay if not in addition D and k 3 vanish. This can be seen from the system (22), where the only driving terms are those with B e 2 (as demonstrated below, a nonvanishing B e 3 does not in uence growth rates). In the case of D = k 2 = k 3 = 0 also dissipation is absent, so the corresponding perturbations are neutrally stable.
Multiplying the rst of the equations (22) 
Now let rst B e 3 = 0. Then up to the factork=k 2 on the left-hand sides, which can be removed by the additional transformationt = (k 2 =k)t, the equations (24), (25), (28) and (29) have the same mathematical form as the system (22) with the x 3 dependence dropped, v 3 = b 3 = 0 and k 2 =k. And if is an eigenvalue of the linear operator on the right-hand side of the original system (22), then (k=k 2 ) is an eigenvalue of the linear operator on the right-hand side of the system (24), (25), (28), (29) (to see this replace on the left-hand side of the system (22) _ v ik and _ b ik by v ik and b ik and apply the manipulations described). Thus, if there is an unstable eigenmode of the original system, i.e. an eigenvalue with positive real part (giving the growth rate of the mode), then, sincek=k 2 1, there is an unstable eigenmode of the derived two-dimensinal system with at least the same growth rate; if the eigenmode of the original system is really three-dimensional, that is k 3 6 = 0, then the eigenmode of the two-dimensional system grows indeed faster. Furthermore, and most important,R R andS S. That is, if the Reynolds numbers are raised from small values, two-dimensional perturbations become unstable rst.
To complete the proof, we note that also the conditions (3) dimensional states with ow are stable in certain Reynolds number intervals close to the primary bifurcation point.
